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Abstract. Let k be an algebraically closed field of characteristic zero and P{x^y) € k[x,y\ be a polynomial which dep¬ 
ends on all its variables. P has an algebraic constraint if the set {(P(a, 6 ), {P{a'^ b'), P{a\ b), P{a, b') \ a, a', b, b' € k} 
does not have the maximal Zariski-dimension. Tao proved that if P has an algebraic constraint then it can be decom¬ 
posed: there exists Q,F,G £ k[x] such that P{xi, X2) = Q(F{xi) G{x2)), or P{xi, X2) = Q{F{xi) • G{x2))- In this 
paper we give an answer to a question raised by Hrushovski and Zilber regarding 3 -dimensional indiscernible arrays in 
stable theories. As an application of this result we find a decomposition of rational functions in three variables which 
has an algebraic constraint. 


1 Introduction 


Rational functions with an algebraic constraint 


Let k be an algebraically closed field of characteristic zero, and let r(xi,€ A:(xi,be a 
rational function. For every (xj,^ let 
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r(xi, ..jXn) has an algebraic constraint if the set Ar = {Lr(vi, \ v^, ..,v^ € k} has Zariski 

dimension less then 2 n. We will say that r(a;i, Xn) is non-degenerate, if r{vi , Vn) ^ k(vi ^,) 
for every algebraic independent set {z)i, ..,w„} C k and every ii, S { 1 , ..,n}. 


Tao proved in [ 1 ](Theorem 41 ) that in case r(xi,a::2) S k[xi^X2\ is a non-degenerate polynomial with 
an algebraic constraint, then there exists Q,F,G € k[x] such that either r{xi,X2) = Q{F{xi) + G{x2)), 
or r(a;i,a:2) = Q{F{xi) ■ G{x2))- Hrushovski [ 2 ] observed that this theorem can also be proved by the 
celebrated Group Configuration theorem (see [ 3 ] for more information about this theorem). He 
managed to prove that if r(xi,X2) S k{xi,X2) is a non-degenerate rational function with an algebraic 
constraint, then there exist a one dimensional algebraic group (G, *), rational maps r € k(xi, X2), tt € k(xi), 
and f,g,h,q: k ^ G such that: ir or = r and q o r(ui, U2) = giui) * h{u2)- 


In this paper we focus on rational functions in three variables that are non-degenerate and have 
algebraic constraint. In section 6 we prove the following result: 
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Theorem 1 . 1 . Let P{x, y, z) be a rational function over an algebraically closed field k of characteristic 
zero. If P is non-degenerate and has an algebraic constraint, then one of the following holds: 

1 . There exists n G N, rational functions ri,r2,r3,q,TT and P G k(x,y,z) such that for some 

j ^ {1,2,3}; qo P{xi,X2,X3) = ri{xi){rj{xj) + r{xi)Y tt o P{x,y,z) = P{x,y,z). 

2 . There exists rational functions ri, r2, ra, q, tt G k{x) and P G k{x,y,z) such that: 

q o P{x, y, z) = and tt o P{x, y, z) = P{x, y, z). 

3 . There exists a one dimension algebraic group (G,*), rational maps ri,r 2 ,ra,g, tt and P such 
that: q o P{x, y, z) = ri(x) * r2(y) * r3(z) and tt o P(x, y, z) = P{x, y, z). 

In particular, we use this theorem to find a family of rational functions (definition 16.81) that has an 
algebraic constraint. Our proof of this theorem is based on Hrushovski’s ideas; these lead us to the 
main topic of this paper. 

Indiscernible arrays 

Let M be a model, an array of elements: F = {fi,j)i,jeH C M is an indiscernible array if for every 
n G N and every natural numbers ii < i 2 < ■■ < in, Ji < J 2 < •■ < jn we have: 

tpift,k \ I <t,k <n) = tp{f,^^j,^ \ l<t,k<n). 

In the case where M is strongly minimal we can use Merely rank to define the rank function of the 
indiscernible array: aF(jn,n) = RM{fij \ I < i < m, 1 < j < n). 

Hrushovski and Zilber used [4](6.3) the Group Configuration theorem to prove that if n) = Am + n — A 

then F is induced by a definable action of definable group of Merely rank A. Hrushovski and Zilber 
made a prediction [4](6.5) for the possibilities of a 3-dimension indiscernible array with rank function 
aF{m,n.p) = m-\-n-\-p — 2. In this paper we show another possibility that was not considered by 
Hrushovski and Zilber (section 3). However, we prove (sections 4-5) that this possibility is the only 
exception. In the next section we give the basic definitions, and describe precisely the main problem 
that we wish to answer. 
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2 Preliminaries 

Let T be a stable theory, we work inside a monster model 77 1= T (a big saturated model) in which 
ac7(0) = dcl{$). 

We denote the Morley rank by RM, and use f to denote the non-forking independence relation. 
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Definition 2.1. 


1- C is an n indiscernible array if RM^f^i ^n) = 1 and for every to G N, 

every < jl < < Jm (where 1 < t < n); tp(/^i^ 11< <m)=tp(/ii,.„i„ | 1< <m). 

2. For every n indiscernible array F = we define the rank function: 

q;f(toi, ..,TO„) = I 1 < i-’ < rrij, 1 < J < n). 

3. We say that two n indiscernible arrays F = ^-nd F' = (/'i ^-re 

algebraically equivalent, if for every ..,i” G N we have: ac^(/iy,,_in) = acl{f^i ^„) . 

In this paper we only focus on 2 and 3 indiscernible arrays. We call 2 indiscernible arrays simply 
indiscernible arrays. 

As mentioned in [4](6.2), there is a polynomial p G Z[x, y, z] such that p(jn, n, r) = aF{m, n, r) for large 
enough to, n, r. A special case is when F = (fij) is an indiscernible array with apim, n) = Xm + n — A, 
in this case Hrushovski and Zilber used the celebrated Group Configuration theorem in order to prove 
the following useful theorem: 

Fact 2.2. [4](6.3) Let F = (fij) be an indiscernible array. 

1. If apim^n) = m + n — 1 then there exists a definable one dimensional group (G, •) and elements 

{ojIjgn C G such that acfifij) = acl{ai ■ bj) for every i,j G N. 

2. Ifapim, n) = 2TO+n—2 then there exists a definable field (F, +, •) and elements {bi}i^fi,{aj}j^fi,{ck}keti C F 
sueh that acfifij) = acl{ai • Cj + bj) for every i,j G N. 

Definition 2.3. Let F = be a 3 indiscernible array. 

1. We say that F has the group form if there exists a definable one dimensional group (G, •) and 
elements {foJjgN, {ajlieN, {cfe}feeN C G such that acl{fij^k) = acfia^ ■ bj ■ Ck)- 

2. We say that F has the field form if there exists a definable field (F, +, •) , elements {of }igN,{a|}jeN){afc}fcgN C F, 

and some permutation a € S 3 such that cLcl{fi.^j.^jfi) = acl{afl^]\ ■ + a'^^f\)) for every 

’ ’ <^(i) <^(2) 

*1,*2,*3 G N. 

3. We say that F has the twisted form if there exists a definable field (F, +, •) and an independent 

set {al,a'j,al \ i,j,k G N} C F such that: ) for every i,j,k G N. 

Hrushovski and Zilber asked [4] (6.5) the following question: 

Problem 2.4. Let F = (fij^k) be a 3 indiscernible array with rank function apim, n, k) = TO+n+fc—2. 

Are the following the only possibilities? 

1. F has the group form. 

2. F has the field form. 
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In the next section we give a negative answer to this problem, in other words, there is another case 
which was not considered- the twisted form. However, the twisted form is the only exception. The 
main purpose of this paper is to prove the following theorem: 

Theorem 2.5. Let F = be a 3 indiscernible array and suppose that apim, n, k) = m-\-n+k — 2, 

then there are only three possibilities: 

1. F has the group form. 

2. F has the field form. 

3. F has the twisted form. 

3 The twisted form- A counterexample 

In this section we will see that that the twisted form is really a counterexample. We start with some 
basic fact regarding indiscernible arrays: 

Lemma 3.1. Indiscernible arrays have the following properties: 

1. Let F = (fij^k) be a 3 indiscernible array array, then ap (m,n,k)=m+n+k-2 iff 

aF{I,m,n) = apim, l,n) = apirn, n, l) = m-|-n — 1. 

2. Let F = ifij) be an indiscernible array, then ap{m, n) = m+n—1 iff RM (/i,i, /i, 2 j / 2 ,ij / 2 , 2 ) = 3. 
Proof. 

1. The left to right direction is trivial. For the other direction, assume 

ap{l,m,n) = ap(m, 1, n) = ap(m, n, l) = m-|-n — 1. 

We have: ap{2, 1, 2) = 3, thus by indiscernibility: fip^k € acl{fi,ip, /i,i,i) for every 2 < k. 
We also know from ap{l, m,n) = m + n — 1 and indiscernibility that: 

€ acl(fijp, fip^kt fi,l,l)- 

In conclusion, for every m,n,p G N we have: 

Q;(m,n,p) = 11 < i < m, 1 < J < n, I < k < p)) = 

RM{fij^i 11 < i < m, I < j < n) + 

+RM{{fij^k \ I <i <m, 1 <j <n, 2<k <p)/(fijp \1 <i <m, 1 < j < n)) = 

m + n-l + \ 2 <k<p)/{fijp 11 < z < to, 1 < j < n)) = 

TO -I- n -I- p — 2 
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2. Again, we only need to prove the direction from right to left: If RM(/i i,/i 2,/2,i,/2,2)=3 then 
by indiscernibility for every i,j e N: fi^i, fj^i, f^j) = 3, thus fij G acZ(/i,i,/yi,/yi) 

and we get for every m,n G N: 

a{m,n) = RM{{fij \1 < i < m, l<j< n)) = 

RM{fi^i I 1 < i < m) + RM{{fij \1 <i <m, 2 < j < n)/(/ip 11 < J < m)) = 

m + RM{{fij I 2 < j < n)/(/ip | 1 < * < m)) = m + n — 1 


□ 


The following lemma proves that every 3 indiscernible array which has the twisted form satisfies the 
assumptions of problem 12.41 

Lemma 3.2. Let F = (fij^k) be a 3 indiscernible array, if F has the twisted form then 
apirn, n,k) = m + n + k — 2 . 

Proof Let (F,+,•) be a field, {uijigN, {wjljeN, {wfejfcgN C F such that: acl(/ij,fc)=acl(;^j^^) for 
every i,j, fc G N and let tij^k = Lemma [3. Il l) it will suffice to show that 

0 ^( 1 , m, n) = apirn, 1, n) = ap(m, n, l) = m + u—1. 


Notice that: 


1 . 

2 . 

3. 


^ 1 , 1,1 


^ 2 , 1,1 —1 
—1 


U2+VI 

U 2 +V 1 

U2+^ 

’1 

’2 

^2,1,2 


Ul+1-1 

ni+mi 

Ui+Vi 

ni+'u;2 

^1,1,2 ' 






1,9-mi 

*2,2,1 —1 


ni+i 


U 2 —WI 


,2+mi 




ui —Wl 


11 -mi 



vi+^ 

VI 


;2+mi 



VI+W2 ^ 

ni+ni 

W2 — 

Ul 

i;2+«;2 ^ , 

^l+'^2 ^1,2. 

, 2-1 


"1 1 

W\ — 

Ui 

’'2+”l 1 t-l 

, 1-1 


Combining lemma lTlT 2) with (l)+(2)+(3) we get: 0^(1, rn, n) = ap(rn, 1, n) = ap(m, n, 1) = m + n — 1 
as desired. 

□ 


In order to show that the twisted form is a counterexample to Problem 12.41 we must find a dividing 
line which will separate the forms in Definition 12.31 

Definition 3.3. Let F = {fij,k) be a 3 indiscernible array such that each element has Morley rank 1. 

1. Hs a line in F if Z = {fij,k-fi',j',k'} for some {i,j, k) {i',j', k') G N^. 

2. The unit cube of F is A = {fij^k 11 < *, j, fc < 2}. 

3. A frame to the unit cube is one of the following sets of lines: 


= {{/l,l,l, /l,l,2}, {/l,2,l, /l,2,2}, {/2,1,1, /2,1,2}, {/2,2,1/2,2,2}} 
^2 = {{/l,l,l, /l,2,l}, {/l,l,2, /l,2,2}, {/2,1,1, /2,2,l}, {/2,1,2/2,2,2}} 
2)3 = {{/i, 1 , 1 j / 2 ,l,l}, {/l, 2 ,l, / 2 , 2 ,l}, {/i, 1 , 2 j / 2 , 1 , 2 }, {/l, 2 , 2 / 2 , 2 , 2 }} 
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4. For every frame to the unit cube X ,we define the base to the frame to be: Cx = fliei cicl{l). 

Let RM{Cj) := max{RM{g) \ g G acl{Cj)} . 

Remark 3.4. If F = (fij^k) is a 3 indiscernible array and li ^ I 2 are two lines in F, then I 2 ) > 2, 

otherwise acl{li) = acl{l 2 )', in contradiction to the fact that F is a 3 indiscernible array. Hence, 
if we take three different lines li, I 2 , 13 , with e G acl(li) fl acl{l 2 ) H acl^ls), e' G acl(li) fl acl(l 2 ) and 
e" G acl{li) n acl^ls), such that RM{e) = RM{e') = RM{e") = 1 then we must have: acl{e) = acl{e') = 


We can differentiate between the three forms in definition 12.31 by the Morley rank of the bases to the 
frames. 

Lemma 3.5. Let F = (fij^k) be a 3 indiscernible array. 

1. If F has the group form, then for every frame to the unit cube X we have: RM(Cx) = 1. 

2. If F has the field form, then there is exactly one frame to the unit cube I such that: RM(Cx) = 1. 

3. If F has the twisted form, then for every frame to the unit cube X we have: RM(Cx) = 0. 


Proof. (l)+(2) are trivial; we prove (3): 

Let f'j^k = ^ acZ(/{ on the other hand: 


/2,14 ~ 1 _ U2 - Wi 

/ 1 , 1 a - 1 Ui-Wi 


- G acZ(/ 2 _i 1 , n ac /(/2 2 , 1 ) /i, 2 .i)- 

/l. 2 ,l ^ 


Suppose there is an element g &IA such that RM(g) = 1 and g G Plzeij o,cl{l), then by remark 
= acl(^i^) but = acU^t^^) and acU^i^) = acU^i^) and we 

have: wi G acl(ui,U2,vi) in contradiction to the assumption that {wi,ui,U2,vi} is an indepen¬ 
dent set. 


The proof that there is no element g € U such that RM(g) = 1 and g G Hiei 0 'Cl(l) for 
1 < i < 2 is the same as the proof for X 3 if we replace by = (fijk)~^ for Xi 

and -fe = (/[,.fc - 1 )-^ for I 2 . 


□ 


We conclude this section with the following corollary which answers Problem 12.41 

Corollary 3.6. LetF be a definable algebraic closed field, and let /a^}igN,/n|}iGN)/nfe}feGN C F, where 


{af,o|,a| \ i,j,k G N} is an algebraic independent set. Define fij^k = - 3 ^%) then F = (fij^k) is a 
counterexample to problem\2.4\ 


Proof. F is a 3 indiscernible array (because of the indiscerniblity of the set {a^,a|,a^ Ibj)^ S N}). 
By lemma [321 apim, n,p) = m + n+p — 2, and by lemma 1331 F neither has the group form nor the 
field form. □ 


acl{e"). 
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4 Indiscernible arrays generated by definable fields 

In this section we prove some basic facts about indiscernible arrays generated by fields or groups. 

Lemma 4.1. Let (F, •,+) he a definable field, and F = {fij) an indiscernible array such that 
fi,j=0'i • Cj+bj, where bj G acl(cj), 6 i = 0 and ci = 1 , then there exists an element k G aclfib) flF such 
that fi j = GiCj + k{cj — 1 ). 

Proof. Let Vk,i = ^ and tk^i = Ck —Vk.i -ci. If tk,i = 0 for some k,l gN, then by indiscerniblity it is true 
for every k,l, thus: fij = OiCj. Hence, we may assume tk^i ^ 0. On the other hand: Vky = 
and tkd = /i,fc - fi,i -Vky, thus: (1) Vk,i,tk,i G dcl{f,j \ j G {l,k}, l<i <2). 

Claim. 1: for every k < I Gf^: tk,i G acl{vk^i). 

Proof. By our assumptions = &2) H,2 = C2 and 62 G acl{c 2 ). From indiscernibility 

I j G {I, k}, 1 < i < 2) = tp{fij \ l<j <2, l<i<2), 

thus from (1) we get tk,i G acl(vk,i). □ 

Let fV G N be the number of conjugates of ti_2 over wi 2 and fix n > fV + 2. We look at 

(^^ 2 ,370,3)) ■•) {Vn ,n+l 7 tn,n+l )) • 

Claim. 2: For every permutation a G Sn , there is an automorphism which sends: 

^ (('^l,2 70,2)7('^2,3 70,3)7”7('^n,n+l fn.n+l)) fO V,j (('^(T(l),cr(l) + 170(1),<7(1) + 1)7”7(^(T(n),cr(n+1) fl.n))' 

Proof. Let p = tp(ni_2,0,2)7 and define 

A = { (sL) ^7 • ■ • 7 Ffi) \ Fi\= p, , sir} — is independent set} 

by uniqueness of non-forking extensions of types, there is a complete type qiWi, ..,xLi) such that: 

A = {(sT,^7 sir) I (^7 S2, ...,^) F g}. V,Va G A, thus there exists an automorphism Ta such that 
Ta{V) = 14. □ 

Claim. 3 Let a G Sn, 

1. If there are 1 < Mi < M 2 < n such that a{i) = i for every Mi < i < M 2 , then Ta{tMi,M2)=tMi,M2 
and Tn{vMi,M 2 )=VMi,M 2 - 

2. If there exists an M < n such that for every M < i < nwe have: a{i) = i, and Tcr(0,n-i-i) = ti,n+i, 
then Tcr{ti,M) = ti,M- 

Proof. 

1. Observe that Ta{vMi,M2)='Ta{Ylf!^M^ F.i+i)=Y\fi^Mi '^<5-(^i-*+i)=n,^Mi^ Vi.i+i=VMi,M2- We prove 
that Ter{tMl,M2) = tMi,M2 by induction on M2 — Mi. The basis of the induction (M2 — Mi = 1) 
follows by our assumption that a{Mi) = Mi, for the induction step: 

Ta{tMi,M2) = Ta{tMi,M2-l)TcriPM2-l,M2) + 'Tct -1,M2 ) = ^Mi ,M2 - -1,M2 + tM2-l,M2 = ^Mi,M2 

(by induction hypothesis Ta{tMi,M2-i) = tMi,M2-i)- 
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2 . We have = ti^MVM,n+i + tM,n+i, by the first part of the claim Tcr(tM,n+i) = tM,n+i and 

TaivMi,M2)=VMi,M2 fbuS To- fix ti^M- 


□ 


We are now ready to prove the main claim: 

Claim. 4 : For every fc € N: tfc,fc+2 = ifc,fc+i^'fc+i,fc+2 + ifc+i,fc+2 = tk+i,k+ 2 Vk,k+i +ffe,fe+i- 


Proof. Let ai = {i — l,i) € 5 '„, that is the permutation which replaces i — 1 and i. By claim 
1 , T^i{ti^n+i) G acl(ui_„_|_i) and because n > N there must exists 1 < I < m < n such that 
To-, (ti,n+i)=Ta™(ti,n+i)- Hcncc, by Claim 3 ( 2 ): To-,(ti,m+i) = To-^(ti,m+i) and using Claim 3 once 
again give us: 


(4) Ta, (b_l,i+l) — = Tai (fl,i+l) — tl,;+l = 


T(7, (^ 1 , 772 + 1 ) ^1,777+1 _ To'^(tljm+l) 


Tf+l.m+l 

Tcr^ (b + l,777+l) b+1,777+1 To-^ (^ 777 — 1 , 777 + 1 ) ^771—1,771+1 


WZ + l,777+1 


= a. 


Vl + l,771+1 


Vl + 1,771+1 


However, by ( 3 ) ^<'miti+i^+i) ^ acl{vi+i^m+i) and To,(t+;+i) - fi,/+i G acZ(v+i+i). We also 

know that f u;+i,m+i (or else {fj^m+i}jen G acl{fi+, fi,i+i | f G N} in contradiction to the fact 

that F is an indiscernible array), therefore we can conclude that a G acl( 0 ). 


On the one hand, by equation( 4 ): 

ti,i+ivi-ij + ti-ij = To-, (b_i,/+i) = a + = a + ti-ijvi^+i + t;,/+i- 

On the other hand: 


tm,777+11:777— 1,777 “t" ^777 — 1,777 To^,,, (^777 — 1 , 777+1 ) 0 :T;+ 1 , 777+1 “t" ^777 — 1 , 777 -|_ 1 

O: ‘ T/-I-1, 777 - 1-1 + 1 777— 1 , 777 ^ 777 , 777 - 1-1 + ^777,777+!- 

However, (b,/+i,u/j+i)) = ^^((^777-1,777,1^777,777-1), (^777.777+1,W777,n7+i)) thus necessarily: 

rr * uz+i,777+1 + ^777—1,7771:777,777+1 “t" ^777,777+1 = cr + ^777—1,7771:777,777+1 4“ ^777,777+1, 

so Of = 0, and we get the desired result: b,i-|-iUi-i,; + b-i,; = + b,i+i- □ 


Finally we can prove our lemma: By claim 4 *fc+i++2 _ tk,k+i _ ^ Therefore, 

^ ■J {VkJrl,k+2-l) {Vk,k + 1-1) ’ 

a G ad(vk+i,k+2) C ad{vk,k+i) O F = ad{ 0 ) O F 


as desired. 



Lemma 4.2. Let (F, •, +) be a definable field. 

1. If F = ifij) is an indiscernible array, and there are elements C F, such 

that: Vj G ad(9), vi = 1 and fij = UiVj + Wj, then Vj = 1 for every i,j G N. 

2. If F = (fij^k) is a 3 indiscernible array, and there are elements C F 

such that for every i,j, fc G N we have: vi^k=I, ■u:i,i=0, Wj^i Gacl(t:j^i) and fij,k=UiVj^k+Wj,k, 
then F has the field form. 

3. If F = (/ij,fe) is a 3 indiscernible array and there are elements C F 

such that for every i,jTk G N we have: nin=l, ^ 1 ^= 0 , wj^i Gacl(nj_i), wi^k Gacl(i;i_fc), 
fi,j,k = UiVj^k + Wj.fc, and RM{Ci^) = 0 where: 

2^3 = {{/l,l,l> /2,l,l}, {/l,2,l, /2,2,l}, {/l,l,2, /2,1,2}, {/l,2,2/2,2,2}} 

(see Definition 1 5'. gp . then F has the field form, or F has the twisted form. 


Proof. 

1. Let (T 3 be an automorphism such that cr 3 (/ip) = and <7^{fi^2) = fi ,3 for every 1 < i < 2, 
then: V 2 = 0-3 (^ 2 ) = V 3 . 


For every t G N let be an automorphism such that: cr((/i_ 2 ) = /i,i and (Jtifi^z) = fi,t for 
every 1 < * < 2 , then: 


1 = 





/ 2,3 ~ /l ,3 
/ 2,2 — /l ,2 


) 


/ 2 ,t ~ fl,t 
f2,l — fl,l 


Vt 

- = Vt. 

Vl 


2. By Lemma [4.11 there exist a G adifh) fl F such that fij^i = UiVj^i + ct{vj^i — 1), thus by 
indiscerniblity: _ h.j.k+a _ u^+a every fc G N. By our assumption 

fi,j,k ~ fi,j,l — flj,k ~ fl,j,l — 0 

for j = 1, and again by indiscerniblity, this is true for every j G N. Let /i,j,fc-/i.i,i=tfc, notice 
that: 

f2,l,l+tl+a f2,l,k+a f2,i,k+a /2,j,l+a+*fc 

fl,l,l+tj^+a /i,i,fc+a /l,j,fc+cK 


However, + a = (/i.i,i + a) • Wjp, thus: 


/ 2 , 1 a + _ (/2,1,1 + of) ■ Vj,l + 

fi,i.i+tl + a + a) ■ Vj^i + tl' 


which implies: . 

Let fF^k = Aj,k + a, u', = + a, u' = Vj^i, w'f. = wi^k = tl, then: fFf. G ad{fij^k) and 

we have: 

fi,j,k = fi,j,k + a = /ijp +t{ + a = fij^i + tlvj^i +a = {ui + a + tl)vj^i = (u' + w^) ■ Vj. 
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3. By Lemma [4.11 there are a, /3 S ad(0) fl F such that fij^i = UiVj^i + a{vj^i — 1) and 
fi,l,k = UiVj^i + Pivi^k - 1) (t). 


If Of = /3, then: 

/ 2 , 2 , 2 +Q! / 2 , 1 , 1 +Q /2,1,2+0! / 2 , 2 , 1 +Q! 112 + 0! 

/l,2,2+0: /l,1,1+0: /l,1,2+0: /l,2,l+0: lli+a 

and of course = 1, thus RM^Cx^ ) = 1, in contradiction to our assumption. 

Assume a ^ (3: Let ul = vl = ^ and wl = Wj^k - • vl, then fi,j,k=uj ■ 

Observe that for j = 1 we have: i(;^=wi_fe=/3(wi,fe-l)=/3(w^-l). 


Let aj be an automorphism which takes (/ip,/ 11 < * < 2, ^ G {1, k}) to 11 < * < 2, I € {1, fc}), 

then it satisfies: wl = crj{wl) = /3(u^ —1). In conclusion we have: (l)/ij,fe = + — 

and in the same way we get: (2)/ijp = “ a. 


We can rewrite (1) as follows: 


fi,j,k = -1- - 13 = (/i.ipuj.i + Vj,ia - a)— -h -^l3 - f3. 

^i,i O'.i 0.1 0,1 


On the other hand, by (2) we get: 

fi.j,k = fi,i,k^^ + -^a -a = (/ippuip + vi^kP - l3)^^ + -^a - a, 
Vl^k Vi^k Vi^k Vl,k 

thus: (a — I3){vj^k — + 1) = 0 . Therefore, by our assumption: 

(S) 


Q _ Vj,k . ^ _ O.fc _ O.fc _|_ X = O.fc . ^^ _ oo 

0.1 0.1 ^i.fc 0,1 0.1 


which implies 


«i,fc 


and 


Vj,l Vl,k-Vl^kVj,l+Vxi 

fi,j^k — (/i,l,lO,l 0,1^ 

,fc 


fl.fc 


+ 


I'l.fc 


0 ,fc 


W/.I + 


-/3- 


1^1,fc ‘Ci,fcO,i 0.1 ni.fc iii,/cO,i 0.1 

Let: /(j-fe = < = -ei.fc, v'^ = 0.i> < = /(i.i > then: ad(/0 ^,) = acl{f^j,k) and 


f 

J i. 


,j,k 


(/i 1 1 + ct)Vi — a + P) , I , + a — P f I 

'3 i/i.i.i+et, , 


P — a 


= (- 


P — a 


-)Vj + 1 ) — 




< - w'kV^ + u' 


- 1 


= (O0 + l)^- 

Wk - i^fcO + 0 




Let u" = 2,-, ra'/ = d,— 1 and U 4 k = {uW-i + 1)~;—,then ti j k = n 
acl(tij^k) = cicl(fij^k)- Thus f has the twisted form. 


and 


□ 
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5 Main Theorem 


In the previous section we studied indiscernible arrays that were induced by fields/group, the following 
lemma will be helpful in retrieving indiscernible arrays of this form. 

Lemma 5.1. Let F = be a 3 indiscernible array, {aijigN C U, C U™ and 

h : U a definable function. 

1 . If there is a formula (l>{x,y) such that for every i,j,k € N.' h{ai,bj^k) 1= 4>{x,fi,j,k) and 

|{a 1= (j){x,fij^k) I a € ll}\ < oo, then there are fa'jieN C hi, C and a 3 

indiscernible array F' = (fF jf) such that fF ^ = h{a\, 6' and F' is algebraically equivalent 
to F. 

2. Suppose there is a formula (j)(x,y) , such that for every i,j € N.' h(ai,bjj)\= (j)(x,fi^jj), 

|{a 1= (j>{x, fij,j) I a G h(}\ < oo and h{ai,bi^i) = Ui, then there are {a'}igN C U, {6j^}j,fceN C 
and a 3 indiscernible array F' = (fFk) such that: fFj. = h{a[,bt and F' is algebraically 
equivalent to F. 


Proof. 

1. Let h{ai, bj^k) = ti,j,k- We use the infinite Ramsey theorem: Fix N G N, for every ri ,rN GN let 
<^rx,..,rN be an automorphism such that: {cr(fij^rk) 11 ^ fik,j < N) = | 1 < i,j,k < N). By 

the infinite Ramsey theorem there is an infinite subset / C N such that for every ri, tat, ti ,G I 
we have: \ ^ F: fikjj < N) = tp{t[j^^ 11 < bj, fc < N). By compactness we can find 

{o'ligN C hi, {6' C 14'^ and an array F' = {tF k) such that: tF ,. = h{a[, btjf) G acfifij^k) 
and for every n S N and ri,r„ G N we have: 

tpiAjXk \ ^ <hk,j <n) = tpftF^k \l<i,j,k< n)(t). 

If we repeat this construction, this time with respect to (fF f,)ij^kGn > we can find {a"}igN C hi 
and {6"fc}j,feeN C U'^ such that ^ = h{a[,b'. jf) G acl{fij^k) satisfies (f), and also for every 
n € N, and ri,r„ G N we have: tp{t'l,.. f. \ l <i, 3 ,k <n) = tp{t'F ,. \1 <i,j,k < n). 

Repeating this construction for the last time with respect to {t'F ^), we can find: C U, 

C hi™ and an array F" = {fF^k) (where /F^, = h{a\^\b^^l)) which satisfies (f) 
and also for every n G N and for every ri,r„ G N : 

tpifi,rj,k \ ^ <i,j,k <n) = tpifFj, \l<i,j,k<n) 
tpifri,j,k \ ^ <i,j,k <n) = tp{flj f, \ l <i,j,k <n) 

Thus for every n G N and for every ri,.., r„, 1 1 ,.., , rci,.., Wn G N: 

tp{fri,t^,wk 11 < b < u) = tpifi,t,j,wk \^<hj,k<n) = 
tpifi,j,wk 11 < b J, fc < u) = tp{fF^k 11 < b j, fc < u) 

therefore, F' is a 3 indiscernible array. 
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2. Let M = |{a 1= (j){x, fi,j,k) \ a, € U}\. Fix € N, by indecerniblity for every l<i<A^, l<i< {N + 1) • 
and k > {N+l)-M^ there is an automorphism aj^k such that: and <Jj^k{fi,j,j)=fi,j,k- 

By our assumptions for every 1 < i < iV and 1 < j < + 1: \{crj^k{ai) \k > + 1}| < oo, 

thus there is an infinite subset /i C N\{1,..,(N+1)-M^} such that for every 1 < z < and for 
every rj G Ii: (72,r(ai) = cr 2 ,i{ai). 

We resume and build Ij constructively such that Ij C Ij-i is an infinite subset and crj^(ai)=o'yi(ai) 
for every 1 < z < A^ and every r, I € Ij. By the pigeonhole principle there is a set J C {N + 1) • M^} 
such that I J| > N and for every 1 < z < A^, j,j' G J and r,r' G /m^+i : cfj,r{0'i) = 

In particular h{a^,aj^k{bjj)) G ad{fij^k) for every 1 < z < W j G J, k G I(n+i).m^- By 
compactness we can find {a"}igN) {bj j.} G N such that: /i(o"5' j,)) G acl{fij^k). We may now use 
the first part of this lemma in order to get the desired 3 indiscernible array. 


□ 


The next lemma takes care of the group form case: 

Lemma 5.2. Let F = (ftj^k) be a 3 indiscernible array with 

a{m,n,p) =m + n+p—2 such that for every frame of the unit cube I there is an element g GlA such 
that RM{g) = 1 and g G Pljgj acl(l). Then F has the group form. 


Proof. Conssider the indiscernible array F' = {fijj \i,j G N). RM{fi^i^i, /i,2.2, /2,i,i, /2,2.2) = 3, thus 
by 13.11 (2): apfm, n) = m + n — 1. By fact 12.21 11 there is a dehnable one dimensional group (G, •) 
and elements {aj}jgN C G such that acl{fijj) = aclifli ■ bj) for every z,j G N. By Lemma 

o there exist an indiscernible array F' = {fG/.) which is algebraically equivalent to F such that 
fij.k = ■ b'j^k^ where {o'jieN, C G . 

For every i,j,k,j,n G N: and by Remark 13.41 ac^l-^4^1 = acl{ ) for every 


7 / - ^ CJjXX\_ 4. i>\_.XXXCXi Xv \ V./ ) - I 7 / 

^j,k Ji+l,j,k ^j,k ^j,k' 

k, k' G N, so for every j',j G N there must exists k,k' gN such that = r^, thus by indiscerniblity 

j,fc' 

does not depend on k. Fixing j instead of k we get: = -frG- = therefore by the 

°j,k h,j,k °j,k h+i,j,k 

same considerations: does not depend on j. Let a" = a - • bip, bj = and c'f. — then for 

every z, j, k >2: 


^j,k bj^i , 


/■/ /l/ / I f J,K \ n lU 

fi i k — (’‘ibj k—^i'bl 1(77^ • 7-j = CL^ ■ 0- • 

’ bji Oi.i 


// uU n 
^k ) 


SO F has the group form. 


□ 


The following lemma gives us the definable held which generate the held/twisted form. We use the 
notations of Dehnition 13.31 


Lemma 5.3. Let F = {fi,j,k) be a 3 indiscernible array with a{m,n,p) = m + n + p — 2, and let 
G' = If RGI{Ci^) = 0 wherels = {{/i,i,i, / 2 ,i,i}, {/i, 2 ,i, / 2 , 2 ,i}, {/i,i, 2 , / 2 ,i, 2 }, {/i. 2 , 2 / 2 , 2 , 2 }}, 

then api (to, rz) = to + 2 n — 2 . 


12 








Proof. Let Am,n = {fi,j,k 11 < * < w, 1 < j, fc < n} be the m x n x n cube. We first show that 
acl{A2^n) C acl{fijj \ ^ j < n, 1 < f < 2) (f) by induction. 

For n = 2 : if ad(^2,2) ^ ad(/i,i,i,/i,2,2,/2,i,i,/2,2.2), then /i,2,2,/2,i,i,/2,2,2) < 4 so it 

must be equal to 3 . Thus by Lemma 13.11 21 and Fact 12.21 there is a definable group G and elements 
{ai},{6_,}cG such that ad(/i^jj) = acl{ai-bj). In particular 5 = G ad(/iqn,/2,l,l)^ad(/l_2,2/2,2,2)• 

By indiscerniblity g e ad(/y3,2, /2,3,2)nad(/y2,3, /2.2,2)nad(/i,3,3, /2,3,3)- By using indiscerniblity one 
more time, we may retrieve an automorphism a which sends the cube: {fij^k 11 < * < 2 , 2 < j, fc < 3 ) 

to the unit cube {fi,j,k 11 < L J, fc < 2), thus a{g) G flzeij o,cl(l), in contradiction to the assumption 
that Rm[Cx3) — 0- 

If n > 2 , then by induction hypothesis: acl{A2^n-i) C acl{fijj | 1 < j < n — 1 , 1 < * < 2 ). 

Notice that: 1 1 < *, j, fc < 2 ) = tp{fij^k | 1 < * < 2 , j,k G {l,n}) ( for every l<l<n — 1 ), 

since the following holds as well 

11 < f < 2 j,k G {I, n}} C ad{A2,n-i) U ad(/i,„,„, f2,n,n) C 

ad({/i_jj 1<*< 2}) 

We can use indiscerniblity to extend (t) to every to S N and get: 

acl{Am,n) C acl{fijj |l<j<n, !<*< to). 

Thus OF'□ 

Remark 5 . 4 . The same proof (just changing indices) will also work for the frames Xi and l2. 

We are now ready to prove our Main Theorem. 

Theorem 5 . 5 . Let F = {fij^k) be a 3 indiscernible array and suppose that apim, n, fc) = TO + n + fc — 2 , 
then there are exactly three possibilities: 

1 . F has the group form. 

2 . F has the field form. 

3 . F has the twisted form. 

Proof. By Lemma I 5 T 51 every form excludes the other ones, so these are strictly distinct cases. In order 
to prove that F must have one of the above forms we split to cases according to the dividing line: 

If for every frame of the unit cube I Rm{Cx) = 1 , then F has the group form by Lemma 15.21 In the 
other case, there is a frame X such that Rm{Cx) = 0 (f) . 

Without loss of generality we may assume I = I3 = {{f 1,1,1, f2,i,i}, {f 1,2,1, f2,2,i}, {f 1,1,2, f2,i,2}, {/i,2,2/2,2,2}}, 
by Lemma [5731 and Fact 12.21 there is a definable field F and elements {ui},{'ej},{refc}C F such that: 
acl{fi,jj) = acl{uiVj +Wj), so we may use Lemma [ 5 d 1 in order to get {u(}, {vj f.}, {wj C F such that: 

F' = ifij^k) where flj^k = , is a 3 indiscernible array which is algebraically equivalent to F, 

we may assume and w'^ = 0. Let Ai = {fip^k 1 1 < *, fc < 2 ) and A2={fi^i^k \ 3 <i< 4 , l<k< 2 ). 

Observe that 2)'*^i.2) ^ ad{Ai) O ad{A2), hence: 

RM(AiA2) - RM{w[ ,2,v'i,2) = RM{AiA2/{w[ ,2, v'la)) < 

RM{Ai/{wl2,vl^)) + RM{A2/iwl2,v'i,2)) = 2RM{A^) -2RM{{w'x,,,v[^^)), 
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and RM{w'i 2i ^1,2) <6 — 5 = 1 . 

On the other hand, RM{Ai) = 3 > 2 , thus RM{w[ 2,^1 2) ^ so it must be equal to 1 . In the same 
way we get RM{w2 ij^^2 1) = 1- We split into cases: 

1 . Assume that w[ 2 ^ acl(v[ 2): then RM(v[ 2) = = 0 and by indiscerniblity for every 

j € N: RM{^^) = 0 . If also RM{v2 1) = 0 , then RM{v2 2) = RM{^^ • 1) = 0 , hence 

acl{u2 - Ui) = acl{v2^2{u2 - Ml)) e acZ(/yi,i, /2,l.l) n ac;(/i,2,2/2,2.2) 

in contradiction to assumption (f). Thus: RM{vj 1) = 1 and lu' ^ G acl{v'^ j^), and by Lemma 
(l) + ( 2 ) F has the held form. 

2 . Assume that w'l 2 € acl{v[ 2) (in particular RM{v[ 2) = 1 ): 

If u;2 1 ^ ad{v2 1) then again by Lemma [ 4 . 21 11 + 12 ) F has the held form. 

If 1U2 1 G ad{v2 1) then by assumption (f) and Lemma [ 4.21 ( 31 . F has the twisted form. 


□ 


6 Application 

In this section we will see an application to Theorem 12.51 

Let k ba an algebraically closed held of characteristic zero and fc C AT be a universal domain of 
k. Every variety over k will be identihed with a dehnable subset in for some m € N and each mor¬ 
phism between varieties will be identihed with a dehnable function between the corresponding dehnable 
sets (for more information about the model theoretic framework see [5], for the precise identihcation 
see Remark 3.10 there). 

Definition 6.1. Let Vi,V 2 ,V 3 ,U be irreducible curves over k and let P : Vi x V 2 x —>■ {7 be a 

rational map. 

1. P is non-degenerate if for every generic independent elements Vi G Vi, the set: {ui, U2, U3, P(mi, U2, U3)} 
is 3 independent. 

2. P has the group form, if there exists a one dimensional algebraic group (G, *), an afhne variety 
U and rational maps: n : Vi ^ G, P : Vi x V 2 xVs ^ U, q : U ^ G, and tt : U ^ U such 
that: 


TTo P{x,y,z) = P{x,y,z) and qoP{x,y,z) = ri{x) *r2{y) ^r^^z). 

3 . P has the held form if there exists n G N, an afhne variety U and rational maps: 
ri : Vi ^ K, P : Vi x V2 x V3 —>■ t/, q : U ^ K, and tt : 1 / +■ {7 such that: 

TT o P{x,y,z) = P{x,y,z) and qo P{xi,X2,X3) = +(xi) • irj{xj) + ri(x;))”, 

where i^j^l G { 1 , 2 , 3 }. 
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4. P has the twisted form if there exists n G N, an affine variety U and rational maps: 
ri ■. Vi ^ K, P : Vi X V 2 X V 3 ^ U, q : U ^ K , and tt : U ^ U such that: 


TT o P{x, y, z) = P{x, y, z) and q o P{x, y, z) 


rijx) + r 2 iy) 
r2{y) + rsiz)' 


Our aim, is to prove the following theorem: 

Theorem 6.2. Let Vi, V 2 ) Vs) U be irreducible curves, and let P : V 1 XV 2 XV 3 ^ U be a non-degenerate 
rational map such that: 

T = {{P{Ui,Vj,Wk) I (*, j, k) G { 0 , 1 }^) |U1,U2 G Pi, Vi,V2&V2, Wl,W2 € P3} C P® 

has Zariski dimension 4, then P has either the group form, the field form or the twisted form. 

Definition 6.3. Let Pi,P 2 ,P 3 ,t/ be irreducible curves and let P : Pi x V 2 x V 3 —>■ C/ be a rational 
map, we say that a 3 indiscernible array F = is induced by P, if there exist an independent 

set: {ui,Vj,Wk | iti G Pi Vj G P 2 Wfc G P 3 i,j,k G N} such that fij^k = P{ui,Vj,Wk). 

Lemma 6.4. Let Pi, P 2 , P 3 , P be irreducible curves, S : V 1 XV 2 XV 3 ^ U be a non-degenerate rational 
map and F = {fij^k) he a 3 indicernible array induced by S. If 

T = {{S{ui,Vj,Wk) I ii,j,k) G {0,1}®) \ ui,U 2 G Pi, Vi,V 2 G P 2 , w;i,'u :2 € P 3 } C P® 

has Zariski dimension 4, then apim, n,p) = m + n+ p—2. 

Proof. Let {ui,Vj,Wk\ui G Pi, vj G V 2 , Wk G Pj, i,j,k G Nj be an independent set such that 
fi,j,k=S{ui,Vj,Wk)- By our assumption 


RMifx,,k \l<j,k<2)= PM(/,- i.fe 11 < j, fc < 2) = PM(/,- fe,i 11 < j, /c < 2) = 3, 

thus by Lemma LS.ll opfm. n.v) = m + n + p — 2. □ 

Lemma 6 . 5 . Let Pi,P2,p3,P be irreducible curves, P : Pi x P2 x P3 —> P a non-degenerate rational 
map and Oi G Vi (where 1 < * < 3} generic independent elements. Suppose there exists a definable field 
F, and independent generic elements ui,U2,U3 G F, such that: acl{ai) = acl(ui) for every 1 < i < 3 
and ad(P(ai, 02,03)) = ) or acl{P{ai, 02, 03)) = acl{ui{u2 + M3)), then: 03 G dcl{a3). 

Proof. 

Case 1 : If acZ(P(ai, 02,03)) = 00^01(02 + ^3)), let 03 be a conjugate of 03 over 03. Because 03 { 02, oi, 
then by uniqueness of the non forking extension: 

tp((o 3 , 03)700^(01,02)) = tp((o3, 03)7001(01,02)). 

Hence there is an automorphism cr which fixes (oi, 02, 03, 02, oi) and sends 03 to 03. Thus 

acl{ui{u2 + 03)) = acl{ui{u2 + 03)) = ac/(P(ai, 02,03)), 

and if we define t = 01(02+03), then oi-(03—03) € aclft). However, t } oi, 03 thus oi • (03 — 03) € acl{ 9 ), 
but (03 — 03) G acl(ui) n acfius) = acl(%), so we must have 03 = 03. 
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Case 2: If acZ(P(ai, 02 , 03 )) = ) then again, let Ug be a conjugate of m over oi. Notice 


^ll2+U3 

that: Let t = 2 ia± 2 i 2 s = 

therefore, as in Case 1 we must have: = u'^. 


U2+U1 ’ 


then acl(t) = acl(t + s(u^ — Ug)), 


□ 


We are working in an algebraically closed field of characteristic zero, so if there are two irreducible 
varieties Vi,b 2 and generic elements g e Vi, g' € V 2 such that g G dcl{g'), then there is a rational 
function h : Vi —>■ V 2 such that h{g) = g' (see [ 6 ] 4.9). We also use the fact that every definable field 
F in K is definably isomorphic to K (see [5] 4.13). 

Theorem 6.6. Let bi, V 2 , VJj, U be irreducible curves, P : Vi XV 2 xV^ ^ U a non-degenerate rational 
map, and let ai € Vi (where 1 < * < be generic independent elements. 

1. If there exist generic independent elements {ui,M 2 ,M 3 } C K such that acl{ai) = acl{ui) and 
acl{P{ai, 02 , as)) = acl{^^^)^), then P has the field form. 

2. If there exist generic independent elements {ui, 02 , 03 } C K such that acl{ai) = acl(ui) and 
acl{P{ai, 02 , 03 )) = acl(ui(u 2 + M 3 )), then P has the twisted form. 

Proof. 


1. Observe that 


acl{P [01,02,03)) 


,,03 +02, ,,Oi 

acl{ -) = acl[ 


■ 02 


02 + 01' 


02 + 03 


) = acl[ 


m +M2 _ 2 ^ 

«2+'li3 


M2 + M3 ^ 

Ml - 03'’ 


thus by Lemma l6.5l for every 1 < i < 3: acl[ai) = acl[oi), so there are rational maps : Vi ^ K 
such that ri[ai) = Oi. Choose t S A:(P(ai, 02 , 03 ))“*® such that ^( 01 , 02 , 03 ) 0 fc(t)“^^ = k[t). Let 
U be an affine variety such that k[t) = k[U). 

On the one hand: G dcl[t), on the other hand: P[ai,a2,a3) G dcl{t) and t G dcl{ai, 02, 03). 

Thus there exists rational maps: P: Vi x V2 x V3 ^ U, q ■. U ^ K and tt : P —)> P such that: 

TT o P[x, y, z) = P[x, y, z) and q o P[x, y, z) = 


2. By lemma 1^751 there are rational maps : Vi ^ K such that ri[ai) = Oi where 2 < i < 3. 

Let u'l be a conjugate of Mi over oi, then, as in the previous lemma, there is an automorphism a 
which fixes 03,02,03,02,03 and sends mi to o[. So ocl[oi[o2 +M3) = ocl[o[[o2 +M3)). If we take 
t = mi(m2 + M3) then a[f) = p ^ and acl[t ■ ^) = ocl[t). Hence, ^ G ocl[t) O ocl[ui) = ac/(0) 
and cr*(t) = t ■ (^)" G 001(01,02,03) , so there must be n G N such that (^)"' = 1- 

Fix iV G N such that {(pr)^ = 1 for every two conjugates m',m" of oi over 03 . o}^ G dcl[a 3 ) so 
there is a rational map rg : Vg —> F such that r'g(ai) = U 3 . In conclusion: 

acl{P[a3,a2,a3)) = 001(03(03) ■ (02(02) +03(03))^) 
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and as in Part 1 of this theorem we can find an affine variety U, and rational maps P, tt, q such 
that: TT o P{x,y,z) = P{x,y,z) and q o P{x,y,z) = ri{x) ■ {r 2 {y) + raiz))^■ 


□ 

Theorem 6.7. Let Vi, V 2 , V3, U be irreducible curves, P : Vi XV 2 XV 3 ^ U a non-degenerate rational 
map, Oi G Vi (where 1 < i < 3) be generic independent elements, and (G, *) be a one dimensional 
algebraic group. If there exist generic independent elements {ui, U2, U3} C G such that acl{ai) = acl{ui) 
and acl{P{ai, 02 , 03 )) = acl(ui *U 2 * U 3 ) then P has the group form. 

Proof. As in the proof of Theorem l6.6l we can find N gN such that € del (oi) Thus there are rational 
maps ri : Vi ^ G such that rifoi) = Ui where 1 < i < 3. Furthermore, we can find an affine variety U 
and rational maps P, tt, q such that: tt o P{x, y, z) = P{x, y, z) and q o P{x, y, z) = ri{x) * r 2 {y) * ^3(2:). 

□ 


We are now finally ready to prove Theorem 16.21 
Proof. 

Let {ui,Vj,Wk \ui GVi Vj G V 2 Wk G V 3 i,j,k G N} be an independent set such that: 
fi,j,k = P{ui,Vj,Wk), and set F = {fij^k)- By Lemma lS^ apfru. n. v) = m-\-n-\-p— 2, so by Theorem 
there exists a definable algebraic structure G (where G is a one dimensional group in the case 
of group form and field in the other cases), and independent elements: {ai, 6 j,Cfe} C G such that: 
acl{P{ui,Vj,Wk)) = acl{h{ai,bj,Ck)), where 

X ~\~ y 

h(x, y, z) = X * y * z or h{x, y, z) = x ■ {y z) or h{x, y, z) = - 

y + z 

(the operations in h are the operations of G). In either cases, if k' = k{ai,hi,ci,ui,vi,wi)°‘‘^^ then: 
acl{ui/k') = aclifli/k') = acl{fip,i/k'), acl(vj/k') = acl{bj/k') = acl{fijp/k') and 
acl{wk/k') = acl(ck/k') = ac/(/i,i_fc//c'). By Theorems 16.61 and 16.71 there exist an affine variety U and 
rational maps P, tt, q, ri,r 2 , rs over k' such that: 

TT o P{x,y,z) = P{x,y,z) and q o P{x,y,z) = h'{ri{x),r 2 {y),r 3 {z)), 

(where h'{x, y, z) = x*y*z in the group form, h'{x, y, z) = x ■ {y z)” in the field form and h'{x, y, z) = 
in the twisted form). However, k is an elementary submodel of k' , thus U, P, tt, q, ri, r 2 , ^3 are definable 
over k as desired. □ 

One may use Theorem 16.21 to “decompose” (in a manner we will details shortly) families of rational 
functions. 

Definition 6 . 8 . Let P{x, y, z) be a rational function over an algebraically closed field k of characteristic 
zero. We say that P is 2-decomposed if there exist rational functions hi, / 12 , / 13 , vi, V 2 , V 3 G k{x, y) and 
ui,U 2 ,U 3 G k(x) such that: 


1. P{x,y,z) = ui{hi{y,x)S/'^vi{z,x)) 

2. P{x,y,z) = U 2 {h 2 {x,y)V‘^V 2 {z,y)) 
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3. P{x,y,z) =U3{h3{x,z)\7^V3iy,z)) 

Where V* S {•, +} for every 1 < i < 3. 

Corollary 6.9. Let P{x, y, z) be a rational function over an algebraically closed field k of characteristic 
zero. If P is a 2-decomposed rational function, then either there exist n G N and rational functions 
i’i,f’ 2 ,f’ 3 ,q € k(x) and P G k(x, y, z) such that one of the following holds: 

1. qo P{xi^ 2 ,X 3 ) =n{xi){rj{xj)+r{xi))'^ (for some i j I G {1,2,3}) 
and TT o P{x, y, z) = P{x, y, z). 

2 . qo P{x, y, z) = and tt o P{x, y, z) = P{x, y, z). 

or there exist a one dimension algebraic group {G,*), rational maps ri,r 2 ,r 3 , q and P such that: 
q o P{x,y, z) = ri{x) * r 2 iy) * r 3 {z). 

Proof. If P is 2-decomposed then: 


T = {{S{ui,Vj,Wk) I {i,j,k) G {0,1}^) \ ui,U 2 G Vi Vi,V2 G V2 Wi,W2 G V3} C C/® 
has Zariski dimension 4, therefore, we can use Theorem 16.21 □ 

We end with an open question. 

Problem 6.10. If P{x, y, z) is a 2-decomposed polynomial, what more can be said? 

We expect a decomposition in the spirit of [1]: 

There exist n £ N and polynomials ri, r2, ra, u G k[x], such that P{xi,X 2 , X3) = u{ri(xi) ■ (rj(xj) -I- r/(a;;))"), 
where i^j^lG {1,2,3} or P{xi,X 2 ,X 3 ) = u{ri{xi)V'^r 2 {x 2 )y'^r 3 {x 3 )), £ {•,+}■ 
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